Abstract. In the Theory of the Seiberg-Witten Equations, the configuration space is Cα = Aα × Γ (S + α ), where Aα is a space of u 1 -connections and Γ (S + α ) is the space of sections of the complex spinor bundle over X 4 . Since the SWequation fits in a variational approach, invariant by the action of the Gauge Group Gα = M ap(X, U 1 ), which satisfies the Palais-Smale Condition, our aim is to obtain existence of solutions to the 2 nd -order SW-equations by describing the weak homotopy type of the space Aα × Gα Γ (S + α ). The 2 nd -order SWequations are the Euler-Lagrange equation of a functional, they generalise the 1 st -order SW-equations
Introduction
Although the physical meaning of the Seiberg-Witten equations (SW-eq.) is yet to be discovered, the mathematical meaning is rather deep and highly efficient to understand one of the most basic phenomenon of differential topology in four dimension, namely, the existence of non-equivalent differential smooth structures on the same underlying topological manifold. The Seiberg-Witten equations arised through the ideas of duality described in Witten [13] . It is conjectured that the Seiberg-Witten equations are dual to Yang-Mills equations (YM-eq.). The duality is at the quantum level, since one of its necessary condition is the equality of the expectations values for the dual theories. In topology, this means that fixed a 4-manifold its Seiberg-Witten invariants are equal to Donaldson invariants. A good reference for SW-eq. is [2] Originally, the SW-equations were 1 st -order differential equations without a variational principle associated to them. In [12] , Witten used some special identities to obtain a integral useful to prove that the moduli spaces of the theory were empty, but a finite number of them. Jost-Peng-Wang, in [7] , used this integral to define a functional, which we refer as the SW functional; their main result is to prove that the functional satisfies the Palais-Smale (PS)-condition.
In our context, we refer to the SW-equation as the Euler-Lagrange equation of the SW functional. These equations are 2 nd -order differential equations; from now on they will be called SW-equations. It follows from the definitions that the solutions of the 1 st -order SW-eq., the originals ones, correspond to the stable critical points of the variational problem.
Since the (PS)-condition is satisfied, the main aim is to describe the weak homotopy type of the moduli space A α × Gα Γ (S + α ) in order to prove the existence of solutions to the SW-equation.
Basic Set Up
From a duality principle appliable to SUSY theories in Quantum Field Theory, Seiberg-Witten, in [13] , discovered a nice coupling of the self-dual(SD ) equation, of a U 1 Yang-Mills Theory, to the Dirac c equation. In order to describe this coupling it is necessary a particular isomorphism relating the space Ω 2 + (X), of self-dual 2-forms, with the bundle End 0 (S α + ) ( [9] ). The space of Spin c -strutures on X is identified as
For each α ∈ Spin c (X), there is a representation ρ α : SO 4 → Cl 4 , induced by a Spin c representation, and consequently, a pair of vector bundles (S α + , L α ) over X (see [8] ), where
+ is the positive complex spinors bundle (fibers are Spin
It is called the determinant line bundle associated to the Spin c -struture
we associate a pair of bundles
From now on, we fixed • a Riemannian metric g over X • a Hermitian structure h on S α . 
The basic bundles to a U 1 Gauge Theory on X are the adjoint bundles Ad(U 1 ), a fiber bundle with fiber U 1 , and ad(u 1 ), a vector bundle with fiber the Lie Algebra u 1 . Once a connection is fixed on ad(u 1 ), it induces a sequence
The 2-form of curvature F ▽ on L α , induced by the connection ▽, is defined as the operator
Since Ad(U 1 ) ∼ X × U 1 and ad(u 1 ) ∼ X × u 1 , the spaces Ω 0 (ad(u 1 )) and Γ (Ad(U 1 )) are identified, respectively, to the spaces Ω 0 (X, iR) and M ap(X, U 1 ). It is well known from the theory (see in [3] ) that a u 1 -connection defined on L α can be identified with a section of the vector bundle Ω 1 (ad(u 1 )), and a Gauge transformation with a section of the bundle Ad(U 1 ).
Returning to the case of a general vector bundle E, if we fixe a Riemmanian metric g on X and a connection ▽ on E, we can define the Sobolev Norm of a section φ ∈ Ω 0 (E) as
and the Sobolev Spaces of sections of E as
The space G α is the Gauge Group acting on C α by the action
Since we are in dimension 4, the vector bundle Ω 2 (ad(u 1 )) admits a decomposition
in seld-dual (+) and anti-self-dual (-) parts ( [3] ).
The 1
st -order (original) Seiberg-Witten equations are defined over the configuration space
performs the coupling of the ASD -equation with the Dirac c operator. Locally, if φ = (φ 1 , φ 2 ), then the quadratic form σ(φ) is written as
The equations can be seen as the inverse image F −1 (0) by the map
A Variational Principle for the Seiberg-Witten Equation
The lack of a natural Lagrangean let us to consider, in a pure formally way, the functional
The next identities,which proofs are standard, are useful to expand the functional ( 5)
, let L α be the determinant line bundle associated to α and (A,φ) ∈ C α . Also, assume that k g =scalar curvature of (X,g). Then,
Thus, after expanding the functional ( 5), we can get the expression
which motivates the next definition;
where k g = scalar curvature of (X,g)
The SW-functional (7) is Gauge invariant.
From ( 5) and ( 6), it follows that
Thus, the SW-functional is bounded below by 2π 2 α 2 , where
4. The set of α ∈ Spin c (X), such that there exits (A, φ) ∈ C α attaining the minimum value 2π 2 α 2 , is finite ( [9] ). More precisely, the minimum value 2π 2 α 2 is attained for those α ∈ Spin c (X) such that
where χ(X) = Euler characteristic class of X and σ X =signature of Q X .
Proposition 3.0.5. The Euler-Lagrange equations of the SW-functional (7) are
where Φ :
The second equation is obtained by considering a smooth curve A t : (−ǫ, ǫ) → A α given by A t = A + tΘ, where Θ ∈ Ω 1 (u 1 ). It follows from the first order approximations
and
Hence,
Remark 3.0.6. Locally, in a orthonormal basis {η i } 1≤i≤4 of T * X, the operator Φ * can be written as
The regularity of the solutions of ( 9) and ( 10) was studied in Jost-Peng-Wang ( [7] ). They observed that the basic estimate concerning the L ∞ -norm of is satisfied by the solutions φ of (9) and (10) . This was already known for the solutions of the 1 st -order SW-equations. (9) and (10), then
Therefore, if the Riemannian struture on X has non-negative scalar curvature then the only solutions are of type (A, 0). In this case the equations are reduced to the equation
It follows from the Bianchi's Identity and the formula to the 1 st -Chern class . In [7] , Jost-Peng-Wang studied the analytical proporties of the SW-functional and proved that it satisfies the Palais-Smale Condition. Therefore, one may use the technics of Critical Point Theory to prove existence of solutions to ( 9) and ( 10) . (see [10] ).
The SW-funtional being G α -invariant, it induces a functional on A α × Gα Γ (S + α ), the quotient space by the Gauge group action. In order to understand the topology of the quotient space A α × Gα Γ (S + α ), it is necessary to understand the quotient spaces of the G α -action on A α and on Γ (S + α ); we postpone this for the next section.
Quotient Spaces by the Diagonal Action
In order to understand the topology of the space A α × Gα Γ (S + α ), we need to address some structures of a action by a Lie group G.. In this section, consider M, N smooth manifolds endowed with G-actions α M , α N (respec.). About the G-actions, we will assume that; 1. the action over M has all isotropic groups isomorphs, i.e. there exists a Lie Group H such that for all m ∈ M ⇒ G m ∼ H, 2. The quotient spaces M G and N G are Hausdorff spaces. On the manifold M × N , the product action, induced by the action of the Lie 
and denoted as g.(m,n)=(g.m,g.n). The quotiente space is denoted by
It is a straight fact that the orbit by the product action is
In order to describe the topology of the space M × G N , we consider the commuting diagram [m 0 ] ). We note that; 
This is straight from the fact that the diagonal action is free.
From the proposition above, we conclude that p 
Proof. We already know that O M m0 × N is a G-bundle, we only need to describe the base space.
As observed before, the D-orbits across the set p
Consequently, there is a induced H-action on p 
Proof. By the diagram above,
Putting together all about the D-action, we get that; 2. the G α -action on A α is not free since the action of the group formed of constant maps g : M → U 1 , g(x) = g, ∀x ∈ M , acts trivially on A α . So, we introduce the group
From now on, instead of the G α -action, we consider on C α the G α -action. On A α , the G α -action is free, and on Γ (S + α ) it also acts freely except on the 0-section, which isostropic group is the full group G α . So, the quotient space is a singular Hausdorff space, in fact, a contractible space since Γ (S + α ) is a vetor space. In order to get a better understanding of the quotiente space, we present the details considering the cases when X is either spin or non-spin. First of all, observe that 1.
hence,
The space Γ (S α + G α ) is described as follows;
5.1. X is a spin manifold (w 2 (X) = 0). In this case,
where, 1. S is a Spin 4 vector bundle over X, which fibers are isomorphic to
we may define vector bundles S + and S − such that
α . Locally, it means that
Therefore, we can conclude that there is a fiber bundle R 2,++ → Q → X, such that
Therefore, the space Γ (S α + G α ) is contractible, since
X is not a spin manifold (w 2 (X) = 0). In this case the same arguments works throughly, the difference is that there is no global picture as in the spin case, although, locally it is just the same. So, we perform the computations locally and glue them back to obtain the global feature.
From last section discussion, we get the fibration In [1] , they studied the homotopy type of the space A G * for the general case when A is the space of connections defined on a G-Principal Bundle and G * = {g ∈ G | g(x 0 ) = I}.
They observed that G * acts freely on A, and so, the quotiente space B * is a manifold. Their results can be applied in a straight manner to our settings, since it is a simple fact that the G α -action is identical to the action of G * α = {g ∈ G α | g(x 0 ) = I}. Indeed, since U 1 is abelian, G α is diffeomorphic to G * α . In order to prove the last claim, let Φ : G * α × U 1 → G α be defined by Φ(g, ψ) = g.ψ and observe that The weak homotopy type of B * α has been studied in [1] and [3] . There they prove the following fact;
